Variable prizes in forced-distribution-systems: a sabotage-reducing approach? by Glökler, Thomas
  
 
 
 
 
 
 
 
 
Fachbereich Wirtschaftswissenschaft 
 
 
Variable Prizes in Forced-Distribution-Systems: 
A Sabotage-Reducing Approach? 
 
 
Thomas Glökler 
 
 
 
 
 
 
Tübinger Diskussionsbeitrag Nr. 336 
Februar 2014 
 
 
 
 
 
 
 
 
 
 
 
 
 
Wirtschafts- und Sozialwissenschaftliche Fakultät 
❱❛"✐❛❜❧❡ '"✐③❡) ✐♥ ❋♦"❝❡❞✲❉✐)1"✐❜✉1✐♦♥✲❙②)1❡♠)✿
❆ !❛❜♦%❛❣❡✲)❡❞✉❝✐♥❣ ❛♣♣)♦❛❝❤❄
❚❤♦♠❛! ●❧6❦❧❡)
∗
✷✵✶✹
❆❜"#$❛❝#
❋♦"❝❡❞✲❉✐)*"✐❜✉*✐♦♥✲❙②)*❡♠) ✭❋❉❙✮ ❤❛✈❡ ♠❛♥② ✐♥❞✐)♣✉*❛❜❧❡ ❜❡♥❡✜*) ✭)✉❝❤
❛) ✐❞❡♥*✐✜❝❛*✐♦♥ ♦❢ ❤✐❣❤ ♣♦*❡♥*✐❛❧ ❛♥❞ ❧♦✇ ♣❡"❢♦"♠❡") ♦" ✐♥❝❡♥*✐✈❡ ❡✛❡❝*)
*♦ ❡①❡"* ❤✐❣❤❡" ❡✛♦"*)✮✳ ❍♦✇❡✈❡"✱ ♠❛♥② ❝♦♠♣❛♥✐❡) *❛❦❡ ❛ ❝"✐*✐❝❛❧ )*❛♥❝❡
*♦✇❛"❞ ❋❉❙✱ ♦♥❡ ♦❢ *❤❡ ♠❛✐♥ "❡❛)♦♥) ❜❡✐♥❣ *❤❡ ❛❣❡♥*)✬ ✐♥❝❡♥*✐✈❡ *♦ ❡①❡❝✉*❡
)❛❜♦*❛❣❡ ❛❝*✐✈✐*✐❡)✳
❲❤✐❧❡ ❛ ❧❛"❣❡ ♥✉♠❜❡" ♦❢ *♦✉"♥❛♠❡♥* )*✉❞✐❡) ❞❡❛❧ ✇✐*❤ *❤❡ ♣"♦❜❧❡♠ ♦❢
)❛❜♦*❛❣❡✱ *♦ ❜❡ ❜❡)* ♦❢ ♠② ❦♥♦✇❧❡❞❣❡ ♥♦♥❡ ♦❢ *❤❡ )*✉❞✐❡) ✐♥✈❡)*✐❣❛*❡) *❤❡
✐♠♣❛❝* ♦❢ ✈❛"✐❛❜❧❡ *♦✉"♥❛♠❡♥* ♣"✐③❡) ♦♥ )❛❜♦*❛❣❡ ❛❝*✐✈✐*✐❡)✳
❱❛"✐❛❜❧❡ ♣"✐③❡) ❛"❡ ❛ )♣❡❝✐❛❧ *♦✉"♥❛♠❡♥* ❞❡)✐❣♥ ✇❤❡"❡ ♣"✐③❡) ❛"❡ ♥♦* ✜①❡❞
✐♥ ❛❞✈❛♥❝❡✱ ❜✉* ❛"❡ ❛ ❢✉♥❝*✐♦♥ ♦❢ ❛ *❛"❣❡* ✈❛"✐❛❜❧❡ )❡* ❜② *❤❡ ♣"✐♥❝✐♣❛❧ ✭)❡❡
●!"❤ ❡* ❛❧✳ ✷✵✶✵✮✳
■♥ *❤✐) )*✉❞②✱ ■ *❤❡♦"❡*✐❝❛❧❧② ❛♥❛❧②③❡ ✐❢ ✈❛"✐❛❜❧❡ *♦✉"♥❛♠❡♥* ♣"✐③❡) ❝❛♥ ❤❡❧♣
✐♥ "❡❞✉❝✐♥❣ )❛❜♦*❛❣❡ ❛❝*✐✈✐*✐❡) ✐♥ ❋❉❙✳ ❚✇♦ ✈❡")✐♦♥) ♦❢ ✈❛"✐❛❜❧❡ ♣"✐③❡) ❛"❡
❝♦♥)✐❞❡"❡❞ ❢♦" *❤✐) )*✉❞②✿ ✈❛"✐❛❜❧❡ ♣"✐③❡ ❧❡✈❡❧) ❛♥❞ ✈❛"✐❛❜❧❡ ♣"✐③❡ ❞✐)*"✐❜✉✲
*✐♦♥)✳ ■♥ *❤❡ ❢♦"♠❡" ✈❡")✐♦♥✱ ♣"✐③❡ ❧❡✈❡❧) ❞❡♣❡♥❞ ♦♥ *❤❡ ❝✉♠✉❧❛*✐✈❡ ♦✉*♣✉*
✭❤✐❣❤❡" *❤❡ ♦✉*♣✉*✱ ❤✐❣❤❡" *❤❡ ♣"✐③❡ ❧❡✈❡❧)✮✱ ❛♥❞ ✐♥ *❤❡ ❧❛**❡" ✈❡")✐♦♥✱ ♣"✐③❡
❞✐)*"✐❜✉*✐♦♥ ❞❡♣❡♥❞) ♦♥ *❤❡ ❝✉♠✉❧❛*✐✈❡ ♦✉*♣✉* ✭❤✐❣❤❡" *❤❡ ♦✉*♣✉*✱ ❤✐❣❤❡"
*❤❡ ♣♦"*✐♦♥ ♦❢ ♣"✐③❡) ❢♦" *❤❡ ✇✐♥♥❡" ❛♥❞ ❧♦✇❡" *❤❡ ♣♦"*✐♦♥ ♦❢ ♣"✐③❡) ❢♦" *❤❡
❧♦)❡"✮✳
❚❤❡ ✜♥❞✐♥❣) ♦❢ *❤❡ ♠♦❞❡❧ ❛"❡ ❛) ❢♦❧❧♦✇)✿ ❱❛"✐❛❜❧❡ *♦✉"♥❛♠❡♥* ♣"✐③❡) ♥♦*
♦♥❧② "❡❞✉❝❡ )❛❜♦*❛❣❡ ❛❝*✐✈✐*✐❡) ❡✛❡❝*✐✈❡❧②✱ ❜✉* ❛❧)♦ ✐♥❝❡♥*✐✈✐③❡ ❛❣❡♥*) *♦
❡①❡"* ❤❡❧♣✐♥❣ ❛❝*✐✈✐*✐❡)✳ ❆❝❝♦"❞✐♥❣❧②✱ ✈❛"✐❛❜❧❡ *♦✉"♥❛♠❡♥* ♣"✐③❡) ❝♦✉❧❞ ❜❡
♦❢ ❤✐❣❤ ✐♠♣♦"*❛♥❝❡ ✐♥ ♦"❣❛♥✐③❛*✐♦♥❛❧ ♣"❛❝*✐❝❡✳
✶ ■♥#$♦❞✉❝#✐♦♥
■♥ "❡❝❡♥% ②❡❛"(✱ ♥♦ ♦%❤❡" ❛(♣❡❝% ♦❢ ♣❡"❢♦"♠❛♥❝❡ ♠❛♥❛❣❡♠❡♥% ❤❛( ❛%%"❛❝%❡❞ ♠♦"❡
♣✉❜❧✐❝ ❛%%❡♥%✐♦♥ %❤❛♥ ❋♦"❝❡❞✲❉✐(%"✐❜✉%✐♦♥✲❙②(%❡♠( ✭❋❉❙✮ ✭(❡❡ ❉♦♠✐♥✐❝❦ ✷✵✵✾✮✳
❋❉❙ ❛"❡ ❛ (♣❡❝✐❛❧ ❢♦"♠ ♦❢ ♣❡"❢♦"♠❛♥❝❡ ❛♣♣"❛✐(❛❧ ✐♥ ✇❤✐❝❤ %❤❡ ❥✉❞❣❡ ✐( ❜♦✉♥❞ %♦ ❛
∗
❚❤♦♠❛% ●❧(❦❧❡+✱ ❯♥✐✈❡+%✐1② ♦❢ ❚✉❡❜✐♥❣❡♥✱ ❉❡♣❛+1♠❡♥1 ♦❢ ❍✉♠❛♥ ❘❡%♦✉+❝❡
▼❛♥❛❣❡♠❡♥1 ❛♥❞ ❖+❣❛♥✐③❛1✐♦♥✱ ◆❛✉❦❧❡+%1+✳ ✹✼✱ ✼✷✵✼✹ ❚✉❡❜✐♥❣❡♥✱ ●❡+♠❛♥②
✶
♣!❡❞❡$❡!♠✐♥❡❞ ❞✐($!✐❜✉$✐♦♥ ♦❢ (✐♥❣❧❡ ♣❡!❢♦!♠❛♥❝❡ ❝❛$❡❣♦!✐❡( ✭(❡❡ ❙❝❤❧❡✐❝❤❡&✴
❇✉❧❧✴●&❡❡♥ ✷✵✵✾✮✳ 8!♦♣♦♥❡♥$( ♦❢ ❋❉❙ ♣❛!$✐❝✉❧❛!❧② ❛!❣✉❡ ✇✐$❤ $❤❡ ❡①✐($❡♥❝❡ ♦❢
(❡❧❡❝$✐♦♥ ❛( ✇❡❧❧ ❛( ✐♥❝❡♥$✐✈❡ ❢✉♥❝$✐♦♥(✿ ❢♦!❝❡❞ ❞✐($!✐❜✉$✐♦♥ ✇♦✉❧❞ ♣!❡✈❡♥$ ❧❡♥✐❡♥$
❛♣♣!❛✐(❛❧(✱ ❧❡❛❞✐♥❣ $♦ ❜❡$$❡! ✐❞❡♥$✐✜❝❛$✐♦♥ ❛♥❞ (❡❧❡❝$✐♦♥ ♦❢ ❧♦✇ ♣❡!❢♦!♠❡!( ❛(
✇❡❧❧ ❛( ❤✐❣❤ ♣♦$❡♥$✐❛❧ ✭(❡❡ ❙❝❤❧❡✐❝❤❡&✴❇✉❧❧✴●&❡❡♥ ✷✵✵✾✮✳ ■♥ ❛❞❞✐$✐♦♥✱ ❋❉❙
♣!♦♠♦$❡( ❛ ❝✉❧$✉!❡ ♦❢ ❡①❝❡❧❧❡♥❝❡ $❤❛$ ❡(♣❡❝✐❛❧❧② ♠♦$✐✈❛$❡( $❤❡ $♦♣ ♣❡!❢♦!♠❡!(
✭(❡❡ ❙❝✉❧❧❡♥✴❇❡&❣❡②✴❆✐♠❛♥✲❙♠✐1❤ ✷✵✵✺✮✳
■♥ (♣✐$❡ ♦❢ $❤❡(❡ ❛!❣✉♠❡♥$(✱ ♠❛♥② ✜!♠( ❤❛✈❡ !❡❝❡♥$❧② ❛❜❛♥❞♦♥❡❞ $❤❡✐! ❋❉❙
✭(❡❡ ▼❛❝▲❡♥♥❛♥ ✷✵✵✼✮✳ ❖♥❡ ♦❢ $❤❡ ♠❛✐♥ !❡❛(♦♥( ❢♦! $❤✐( ♣❤❡♥♦♠❡♥❛ ❛♣♣❡❛!(
$♦ ❜❡ $❤❛$ ❋❉❙ ❝❛✉(❡ !✐✈❛❧!② ❛♠♦♥❣ $❡❛♠ ♠❡♠❜❡!( ❛♥❞ ❝♦❧❧❡❛❣✉❡( ❢♦! ❜❡$$❡!
❛♣♣!❛✐(❛❧(✱ $❤✉( ❣❡♥❡!❛$✐♥❣ ❛ ❝✉❧$✉!❡ ♦❢ ✏❜❛❝❦✲❜✐$✐♥❣✑ ✭❆❧4❡✈❡& ✷✵✵✼✮✱ ✇❤✐❝❤
❢❛✈♦!( ✉♥❡$❤✐❝❛❧ ❜❡❤❛✈✐♦! ✭❡✳❣✳✱ (❛❜♦$❛❣❡ ❛♥❞ ♠♦❜❜✐♥❣✮ ❛♥❞ ♣!❡✈❡♥$( ❝♦♦♣❡!❛$✐♦♥
❛♠♦♥❣ $❡❛♠ ♠❡♠❜❡!( ✭(❡❡ ❍❛&❜&✐♥❣✴■&❧❡♥❜✉4❝❤ ✷✵✵✽✮✳ ❚❤✉(✱ $❤❡ ♣!♦(♣❡❝$
♦❢ ❞❡($!✉❝$✐♦♥ ♦❢ $❡❛♠✇♦!❦ ❛♥❞ ❝♦♦♣❡!❛$✐♦♥ (❡❡♠( $♦ ♦✉$✇❡✐❣❤ $❤❡ ♣♦(✐$✐✈❡
❡✛❡❝$( ♦❢ ❋❉❙✳
❆ ♥✉♠❜❡! ♦❢ ($✉❞✐❡( ❞❡❛❧ ✇✐$❤ (❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡( ✐♥ $♦✉!♥❛♠❡♥$( ❛♥❞ ❝♦♥✲
$❡($(✳ ▲❛③❡❛& ✭✶✾✽✾✮ ✇❛( $❤❡ ✜!($ (✉❝❤ ($✉❞② $♦ ❛❞❞!❡(( $❤✐( ♣!♦❜❧❡♠✳ ❖♥❡
♦❢ ❤✐( ✜♥❞✐♥❣( ✇❛( $♦ !❡❞✉❝❡ $❤❡ (♣!❡❛❞ ✐♥ !❡✇❛!❞( ❜❡$✇❡❡♥ ✇✐♥♥✐♥❣ ❛♥❞ ❧♦(✲
✐♥❣✱ ✇❤✐❝❤✱ ✐♥ $✉!♥✱ ✇♦✉❧❞ !❡❞✉❝❡ $❤❡ ❡✛♦!$ ❧❡✈❡❧ (✐♥❝❡ ❜♦$❤ ❡✛♦!$ ❛♥❞ (❛❜♦$❛❣❡
✐♥❝!❡❛(❡ ✇✐$❤ $❤❡ ♣!✐③❡ (♣!❡❛❞ ✭(❡❡ ❱❛♥❞❡❣&✐❢1✴❨❛✈❛4 ✷✵✶✵✮✳
❚❤✐( ($✉❞② ✐( ❜❛(❡❞ ♦♥ $❤❡ ♠♦❞❡❧ ♦❢ ❍❛&❜&✐♥❣✴■&❧❡♥❜✉4❝❤ ✭✷✵✵✽✮✱ ✇❤❡!❡
$❤❡ ❛✉$❤♦!( ✐♥✈❡($✐❣❛$❡ $❤❡♦!❡$✐❝❛❧❧② ❛♥❞ ❡♠♣✐!✐❝❛❧❧② $❤❡ ✐♥✢✉❡♥❝❡ ♦❢ $❤❡ ♥✉♠❜❡!
♦❢ ❛❣❡♥$( ❛( ✇❡❧❧ ❛( $❤❡ ❢!❛❝$✐♦♥ ♦❢ ♣!✐③❡( ❢♦! $❤❡ ✇✐♥♥❡! ♦♥ ❡✛♦!$ ❛♥❞ (❛❜♦$❛❣❡
❛❝$✐✈✐$✐❡( ✐♥ $♦✉!♥❛♠❡♥$(✳
❲❤✐❧❡ ❍❛&❜&✐♥❣✴■&❧❡♥❜✉4❝❤ ✭✷✵✵✽✮✱ ❛( ✇❡❧❧ ❛( ❛ ✈❛($ ♠❛❥♦!✐$② ♦❢ $♦✉!♥❛✲
♠❡♥$ ($✉❞✐❡(✱ ❢♦❝✉( ♦♥ $♦✉!♥❛♠❡♥$( ✇✐$❤ ❡①✲❛♥$❡ ❞❡$❡!♠✐♥❡❞ ✜①❡❞ ♣!✐③❡(✱ ♣!✐③❡(
✐♥ ✈❛!✐❛❜❧❡✲♣!✐③❡ $♦✉!♥❛♠❡♥$( ❞❡♣❡♥❞ ♦♥ ❛ ❝♦♠♠❛♥❞ ✈❛!✐❛❜❧❡ ♦❢ $❤❡ ♣!✐♥❝✐♣❛❧
✭❡✳❣✳✱ ♣!♦✜$✮ ✭(❡❡ ●>1❤ ❡$ ❛❧✳ ✷✵✶✵✮✳ ❚❤✐( ❛(♣❡❝$ ✇❛( ✜!($ ✐♥$!♦❞✉❝❡❞ ❜② ●>1❤
❡$ ❛❧✳ ✭✷✵✶✵✮✱ ✇❤♦ (❤♦✇❡❞ $❤❛$ ✈❛!✐❛❜❧❡✲♣!✐③❡ $♦✉!♥❛♠❡♥$( ♦✉$♣❡!❢♦!♠ ✜①❡❞✲
♣!✐③❡ $♦✉!♥❛♠❡♥$( ❛♥❞ ♣✐❡❝❡ !❛$❡( ✇✐$❤ !❡❣❛!❞ $♦ ❝♦($✲❡✛❡❝$✐✈❡♥❡((✳ ❍♦✇❡✈❡!✱
$❤❡② ♥❡❣❧❡❝$ $❤❡ ♣♦((✐❜✐❧✐$② ♦❢ $❤❡ ❛❣❡♥$( $♦ ❡①❡❝✉$❡ (❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡(✳ ❚❤✐(
($✉❞② ✐♥✈❡($✐❣❛$❡( $❤❡♦!❡$✐❝❛❧❧② ✇❤❡$❤❡! ✈❛!✐❛❜❧❡✲♣!✐③❡ $♦✉!♥❛♠❡♥$( ❛!❡ ❛❜❧❡ $♦
!❡❞✉❝❡ ♦! ❞❡($!♦② (❛❜♦$❛❣❡ ✐♥❝❡♥$✐✈❡( ✐♥ ❋❉❙✳
❚✇♦ ✈❡!(✐♦♥( ♦❢ ✈❛!✐❛❜❧❡ ♣!✐③❡( ❛!❡ ❝♦♥(✐❞❡!❡❞✿ ✈❛!✐❛❜❧❡ ♣!✐③❡ ❧❡✈❡❧( ❛♥❞ ✈❛!✐✲
❛❜❧❡ ♣!✐③❡ ❞✐($!✐❜✉$✐♦♥(✳ ■♥ $❤❡ ❢♦!♠❡! ✈❡!(✐♦♥✱ ♣!✐③❡ ❧❡✈❡❧( ❞❡♣❡♥❞ ♦♥ $❤❡ ❝✉✲
♠✉❧❛$✐✈❡ ♦✉$♣✉$ ✭❤✐❣❤❡! $❤❡ ♦✉$♣✉$✱ ❤✐❣❤❡! $❤❡ ♣!✐③❡ ❧❡✈❡❧(✮✱ ❛♥❞ ✐♥ $❤❡ ❧❛$$❡!
✈❡!(✐♦♥✱ ♣!✐③❡ ❞✐($!✐❜✉$✐♦♥ ❞❡♣❡♥❞( ♦♥ $❤❡ ❝✉♠✉❧❛$✐✈❡ ♦✉$♣✉$ ✭❤✐❣❤❡! $❤❡ ♦✉$♣✉$✱
❤✐❣❤❡! $❤❡ ♣♦!$✐♦♥ ♦❢ ♣!✐③❡( ❢♦! $❤❡ ✇✐♥♥❡! ❛♥❞ ❧♦✇❡! $❤❡ ♣♦!$✐♦♥ ♦❢ ♣!✐③❡( ❢♦!
$❤❡ ❧♦(❡!✮✳
❇♦$❤ ✈❡!(✐♦♥( ❞✐✛❡! ♥♦$ ♦♥❧② ✇✐$❤ !❡❣❛!❞ $♦ $❤❡ ❞❡♣❡♥❞❡♥$ ✈❛!✐❛❜❧❡✿ ✐♥ $❤❡
❢♦!♠❡! ✈❡!(✐♦♥ ✭✈❛!✐❛❜❧❡ ♣!✐③❡ ❧❡✈❡❧(✮✱ ❛❧❧ ❛❣❡♥$( ❝❛♥ ♦❜$❛✐♥ $❤❡ (❛♠❡ ♣!✐③❡✳ ❲✐$❤
❛♥ ❛♣♣!♦♣!✐❛$❡ ❤✐❣❤ ✭❧♦✇✮ ❛❝❝✉♠✉❧❛$❡❞ ♦✉$♣✉$✱ ❛❧❧ ❛❣❡♥$( ♦❜$❛✐♥ $❤❡ ✇✐♥♥❡!✬(
♣!✐③❡ ✭❧♦(❡!✬( ♣!✐③❡✮✳ ■♥ $❤❡ ❧❛$$❡! ✈❡!(✐♦♥ ✭✈❛!✐❛❜❧❡ ♣!✐③❡ ❞✐($!✐❜✉$✐♦♥✮✱ $❤❡!❡ ✐(
❛❧✇❛②( ❛ ❞✐✛❡!❡♥$✐❛$✐♦♥ ❜❡$✇❡❡♥ ✇✐♥♥❡!( ❛♥❞ ❧♦(❡!( ✭!❡❣❛!❞❧❡(( ♦❢ $❤❡ ❝✉♠✉❧❛$✐✈❡
♦✉$♣✉$✮✳ ❍❡♥❝❡✱ $❤❡ $❡❛♠ ❝♦♠♣♦♥❡♥$ ❛♥❞ $❤❡ $♦✉!♥❛♠❡♥$ ❝♦♠♣♦♥❡♥$ ❤❛✈❡ ❛
❤✐❣❤❡! ❡♠♣❤❛(✐( ✐♥ $❤❡ ❢♦!♠❡! ❛♥❞ $❤❡ ❧❛$$❡! ✈❡!(✐♦♥(✱ !❡(♣❡❝$✐✈❡❧②✳ ❚❤✐( ❝♦✉❧❞
✷
❧❡❛❞ $♦ ❞✐✛❡(❡♥❝❡+ ❜❡$✇❡❡♥ ❜♦$❤ $❤❡ ✈❡(+✐♦♥+ ✇✐$❤ (❡+♣❡❝$ $♦ ❡✛♦($ ❛♥❞ +❛❜♦$❛❣❡
❛❝$✐✈✐$✐❡+✳
❆+ ❛ (❡+✉❧$✱ $❤❡ ♠♦❞❡❧ +❤♦✇+ $❤❛$ $❤❡(❡ ❛(❡ ♥♦ ❞✐✛❡(❡♥❝❡+ ❜❡$✇❡❡♥ ❜♦$❤ $❤❡
✈❡(+✐♦♥+ ✇✐$❤ (❡+♣❡❝$ $♦ ❡✛♦($ ❛♥❞ +❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡+✳ ❊✈❡♥ ♠♦(❡ ✐♠♣♦($❛♥$❧②✱
✈❛(✐❛❜❧❡ $♦✉(♥❛♠❡♥$ ♣(✐③❡+✱ ✐♥ ❝♦♥$(❛+$ $♦ ✜①❡❞ $♦✉(♥❛♠❡♥$ ♣(✐③❡+✱ ♥♦$ ♦♥❧②
(❡❞✉❝❡ +❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡+ ❡✛❡❝$✐✈❡❧②✱ ❜✉$ ❛❧+♦ ✐♥❝❡♥$✐✈✐③❡ ❛❣❡♥$+ $♦ ❡①❡($ ❤❡❧♣✐♥❣
❛❝$✐✈✐$✐❡+✳ ❆❝❝♦(❞✐♥❣❧②✱ ✈❛(✐❛❜❧❡ $♦✉(♥❛♠❡♥$ ♣(✐③❡+ ❝♦✉❧❞ ❜❡ ♦❢ ❤✐❣❤ ✐♠♣♦($❛♥❝❡
✐♥ ♦(❣❛♥✐③❛$✐♦♥❛❧ ♣(❛❝$✐❝❡✳
❚❤❡ (❡♠❛✐♥❞❡( ♦❢ $❤✐+ ♣❛♣❡( ✐+ ♦(❣❛♥✐③❡❞ ❛+ ❢♦❧❧♦✇+✿ ■♥ +❡❝$✐♦♥ ✷✱ $❤(❡❡ ❞✐✛❡(✲
❡♥$ $♦✉(♥❛♠❡♥$ ❞❡+✐❣♥+ ❛(❡ ❝♦♠♣❛(❡❞ ✇✐$❤ (❡+♣❡❝$ $♦ $❤❡ ❛❣❡♥$+✬ ✐♥❝❡♥$✐✈❡ $♦
❡①❡❝✉$❡ +❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡+✳ ❋✐(+$✱ ✇❡ ❛♥❛❧②③❡ ❛ +$❛♥❞❛(❞ ✜①❡❞✲♣(✐③❡ $♦✉(♥❛✲
♠❡♥$✳ ❙❡❝♦♥❞✱ ✇❡ ✐♥✈❡+$✐❣❛$❡ $✇♦ ❞✐✛❡(❡♥$ ❢♦(♠+ ♦❢ ✈❛(✐❛❜❧❡✲♣(✐③❡ $♦✉(♥❛♠❡♥$+✿
✈❛(✐❛❜❧❡ ♣(✐③❡✲❞✐+$(✐❜✉$✐♦♥ ❛♥❞ ✈❛(✐❛❜❧❡ ♣(✐③❡✲❧❡✈❡❧+✳ ❙❡❝$✐♦♥ ✸ ❝♦♥❝❧✉❞❡+✳
✷ ❚❤❡ ♠♦❞❡❧
❚❤✐+ +❡❝$✐♦♥ ❜❡❣✐♥+ ✇✐$❤ $❤❡ ❛♥❛❧②+✐+ ♦❢ ❛ ✜①❡❞✲♣(✐③❡ $♦✉(♥❛♠❡♥$✳ ❚❤✐+ +❡(✈❡+ ❛+
❛ ❜❡♥❝❤♠❛(❦ $♦ ❝♦♠♣❛(❡ $❤❡ (❡+✉❧$+ ♦❢ ✈❛(✐❛❜❧❡ $♦✉(♥❛♠❡♥$ ♣(✐③❡+✳ ■♥ $❤❡ +❡❝♦♥❞
+$❡♣✱ ✇❡ ✐♥✈❡+$✐❣❛$❡ ❤♦✇ ❡✛♦($+✱ +❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡+✱ ❛♥❞ ✉$✐❧✐$② ♦❢ $❤❡ ♣(✐♥❝✐♣❛❧
❝❤❛♥❣❡✱ ✐❢ ✜①❡❞ ♣(✐③❡+ ❛(❡ (❡♣❧❛❝❡❞ ❜② ✈❛(✐❛❜❧❡ ♣(✐③❡+✳ ❚✇♦ ✈❡(+✐♦♥+ ♦❢ ✈❛(✐❛❜❧❡
♣(✐③❡+ ❛(❡ ❝♦♥+✐❞❡(❡❞✿ ✈❛(✐❛❜❧❡ ♣(✐③❡ ❧❡✈❡❧+ ❛♥❞ ✈❛(✐❛❜❧❡ ♣(✐③❡ ❞✐+$(✐❜✉$✐♦♥+✳ ■♥
$❤❡ ❢♦(♠❡( ✈❡(+✐♦♥✱ ♣(✐③❡ ❧❡✈❡❧+ ❞❡♣❡♥❞ ♦♥ $❤❡ ❝✉♠✉❧❛$✐✈❡ ♦✉$♣✉$ ✭❤✐❣❤❡( $❤❡
♦✉$♣✉$✱ ❤✐❣❤❡( $❤❡ ♣(✐③❡ ❧❡✈❡❧+✮✳ ■♥ $❤❡ ❧❛$$❡( ✈❡(+✐♦♥✱ ♣(✐③❡ ❞✐+$(✐❜✉$✐♦♥ ❞❡♣❡♥❞+
♦♥ $❤❡ ❝✉♠✉❧❛$✐✈❡ ♦✉$♣✉$ ✭❤✐❣❤❡( $❤❡ ♦✉$♣✉$✱ ❤✐❣❤❡( $❤❡ ♣♦($✐♦♥ ♦❢ ♣(✐③❡+ ❢♦(
$❤❡ ✇✐♥♥❡( ❛♥❞ ❧♦✇❡( $❤❡ ♣♦($✐♦♥ ♦❢ ♣(✐③❡+ ❢♦( $❤❡ ❧♦+❡(✮✳
✷✳✶ ▼♦❞❡❧ ❛))✉♠♣-✐♦♥)
♥ ❤♦♠♦❣❡♥♦✉+ ❛♥❞ (✐+❦✲♥❡✉$(❛❧ ❛❣❡♥$+ ❝♦♠♣❡$❡ ✐♥ ❛♥ ❋❉❙ ✭♥ > ✷✮✳ ❚❤❡ ❛++✉♠♣✲
$✐♦♥ ♦❢ ❤♦♠♦❣❡♥♦✉+ ❛♥❞ (✐+❦✲♥❡✉$(❛❧ ❛❣❡♥$+ ✐+ ✉+❡❞ ✐♥ ♥✉♠❡(♦✉+ $♦✉(♥❛♠❡♥$
♠♦❞❡❧+ ✭+❡❡ ❡✳❣✳ ▲❛③❡❛$✴❘♦'❡♥ ✶✾✽✶❀ ❆❦❡$❧♦❢✴❍♦❧❞❡♥ ✷✵✶✷❀ ❍❛$❜$✐♥❣✴
■$❧❡♥❜✉'❝❤ ✷✵✵✽✮✳ ❚❤✐+ ❛++✉♠♣$✐♦♥ ✭❛+ ✇❡❧❧ ❛+ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛++✉♠♣$✐♦♥+ (❡✲
❣❛(❞✐♥❣ ❝♦+$ ❢✉♥❝$✐♦♥+ ❛♥❞ (❛♥❞♦♠ ✈❛(✐❛❜❧❡✮ ❤❛+ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ $❤❡ ❢✉♥❞❛♠❡♥$❛❧
♠♦❞❡❧ ❝♦♥❝❧✉+✐♦♥+✱ +✐♥❝❡ ✐♥ $❤✐+ +$✉❞② ❞✐✛❡(❡♥$ $♦✉(♥❛♠❡♥$ ❞❡+✐❣♥+ ❛(❡ ❝♦♠♣❛(❡❞
❜② ❦❡❡♣✐♥❣ $❤❡+❡ ❛++✉♠♣$✐♦♥+ ❝♦♥+$❛♥$✳ ■♥ ♦(❣❛♥✐③❛$✐♦♥❛❧ ♣(❛❝$✐❝❡✱ ❋❉❙ ❝♦♥+✐+$
♦❢ ❛$ ❧❡❛+$ $❤(❡❡ (❛♥❦✐♥❣ ❝❛$❡❣♦(✐❡+ ✭+❡❡ ❲❡❧❝❤✴❲❡❧❝❤ ✷✵✵✺❀ ●$♦8❡ ✷✵✵✺✮✳
❍❡♥❝❡✱ ✐♥ $❤✐+ ♠♦❞❡❧✱ ✇❡ ❛++✉♠❡ $❤❛$ $❤❡(❡ ❛(❡ $❤(❡❡ ♣(✐③❡ ❧❡✈❡❧+✿ ❲1✱ ❲2✱ ❛♥❞
❲3 ✭❲1✱ ❲2 ≥ ✵✱ ❲3 ❂ ✵✮✳ ❊❛❝❤ ❛❣❡♥$ ✐+ ❛$$(✐❜✉$❡❞ $♦ ♦♥❡ ♣(✐③❡ ❧❡✈❡❧✱ ❞❡✲
♣❡♥❞✐♥❣ ♦♥ $❤❡ (❡❛❧✐③❡❞ ♦✉$♣✉$+✿ ❚❤❡ ❛❣❡♥$+ ✇✐$❤ $❤❡ ❤✐❣❤❡+$ ♦✉$♣✉$+ ✭❛✮ ♦❜$❛✐♥
❲1✱ $❤❡ ❛❣❡♥$+ ✇✐$❤ $❤❡ ❧♦✇❡+$ ♦✉$♣✉$+ ✭❞✮ ♦❜$❛✐♥ ❲3✱ ❛♥❞ ❛❧❧ ♦$❤❡( ❛❣❡♥$+ ✭❜✮
♦❜$❛✐♥ ❲2 ✭❛✱ ❜✱ ❞ > ✵ ❛♥❞ ❛ ✰ ❜ ✰ ❞ ❂ ♥✮✳ ❆❣❡♥$ ✐✬+ ♦✉$♣✉$ Vi ✐+ ❞❡✜♥❡❞
❛+ ❢♦❧❧♦✇+ ✭✐♥ ❧✐♥❡ ✇✐$❤ ❍❛$❜$✐♥❣✴■$❧❡♥❜✉'❝❤ ✭✷✵✵✽✮ ♦( ❍❛$❜$✐♥❣✴■$❧❡♥✲
❜✉'❝❤ ✭✷✵✵✺✮✮✿ qi = ei −
∑
−i s−i + εi✳ ❆❣❡♥$ ✐✬+ ♦✉$♣✉$ ❞❡♣❡♥❞+ ♦♥ ❤✐+ ❡✛♦($
❧❡✈❡❧ ❡i✱ $❤❡ +✉♠ ♦❢ $❤❡ +❛❜♦$❛❣❡ ❛❝$✐✈✐$✐❡+ ❝❛((✐❡❞ ♦✉$ ❜② $❤❡ ♦$❤❡( ❛❣❡♥$+ +−i✱
❛♥❞ $❤❡ ❡①♦❣❡♥♦✉+ ❣✐✈❡♥ (❛♥❞♦♠ ✈❛(✐❛❜❧❡ εi ✭εi ✐+ ❡①♣❡❝$❡❞ $♦ ❜❡ ✐❞❡♥$✐❝❛❧❧② ❛♥❞
✸
✐♥❞❡♣❡♥❞❡♥%❧② ❞✐(%)✐❜✉%❡❞ ✭✐✳✐✳❞✮ ♦♥ %❤❡ ✐♥%❡)✈❛❧ ❬−ε❀ ε❪ ✭(❡❡▼!♥#$❡& ✷✵✵✼❀ ❖&✲
&✐#♦♥✴❙❝❤♦$$❡&✴❲❡✐❣❡❧$ ✷✵✵✹✮✮✳ ❆( ✇✐%❤ ●!&$❧❡&✴▼!♥#$❡& ✭✷✵✶✵✮ ❛♥❞
❍❛&❜&✐♥❣✴■&❧❡♥❜✉#❝❤ ✭✷✵✶✶✮✱ %❤❡ ❛❣❡♥%(✬ ❝♦(% ❢♦) ❡✛♦)% ❛♥❞ (❛❜♦%❛❣❡ ❛❝%✐✈✐✲
%✐❡( ❛)❡ c (ei) =
e2
i
ce
❛♥❞ c (si) =
s2
i
cs
✱ )❡(♣❡❝%✐✈❡❧②✳ ❋✉)%❤❡)♠♦)❡✱ ✐% ✐( ❛((✉♠❡❞ %❤❛%
❝e ❂ ❝s ❂ ❝ ❡✈❡♥ %❤♦✉❣❤ ❛ ♣)❡❞♦♠✐♥❛♥% ♣❛)% ♦❢ %❤❡ ❡①✐(%✐♥❣ ❧✐%❡)❛%✉)❡ ❛((✉♠❡(
%❤❛% ❝e > ❝s ✭(❡❡ ●❛&✐❝❛♥♦✴7❛❧❛❝✐♦#✲❍✉❡&$❛ ✷✵✵✺✮✮✳ ❍♦✇❡✈❡)✱ %❤❡ ❛✐♠ ♦❢
%❤✐( ❛♥❛❧②(✐( ✐( %♦ ❝♦♠♣❛)❡ ✜①❡❞ ❛♥❞ ✈❛)✐❛❜❧❡ ♣)✐③❡( ✐♥ ❋❉❙ ✇✐%❤ )❡(♣❡❝% %♦ %❤❡✐)
❡✛❡❝% ♦♥ ❡✛♦)% ❛♥❞ (❛❜♦%❛❣❡ ❛❝%✐✈✐%✐❡(✳ ❚❤✐( ✐( ✇❤② ✐% ✐( ❛((✉♠❡❞ %❤❛% (❛❜♦%❛❣❡
❛❝%✐✈✐%✐❡( ❛)❡ )❡❧❛%✐✈❡❧② ❝❤❡❛♣✱ ✉♥❧✐❦❡ ✐♥ ♦%❤❡) ♠♦❞❡❧(✳
❆❣❡♥% ✐✬( ❡①♣❡❝%❡❞ ✉%✐❧✐%② ✐( ❡①♣)❡((❡❞ ❛( ❢♦❧❧♦✇(✿
E (Ui) = P1W1 + P2W2 + P3W3 − c(ei)− c(es). ✭✶✮
R1✱ R2✱ ❛♥❞ R3 ❛)❡ %❤❡ ♣)♦❜❛❜✐❧✐%✐❡( %♦ ♦❜%❛✐♥ %❤❡ ♣)✐③❡ ❧❡✈❡❧( ❲1✱ ❲2✱ ❛♥❞ ❲3✱
✇❤❡)❡ R1 ✰ R2 ✰ R3 ❂ ✶✳
✷✳✷ ❇❡♥❝❤♠❛)❦✿ ❋✐①❡❞✲♣)✐③❡ ❋❉❙
❆❣❡♥% ✐✬( ❡①♣❡❝%❡❞ ✉%✐❧✐%② ✇❛( ❛❧)❡❛❞② ❞❡✜♥❡❞ ✐♥ ❡U✉❛%✐♦♥ ✶ ❛( ❢♦❧❧♦✇(✿
E (Ui) = P1W1 + P2W2 + P3W3 − c(ei) − c (si)
= P1 (W1 −W2) + P3 (W3 −W2) + W2 −
e2i
c
−
s2i
c
.
❆❣❡♥% ✐ ♠❛①✐♠✐③❡( ❤✐( ❡①♣❡❝%❡❞ ✉%✐❧✐%② ❜② ❝❤♦♦(✐♥❣ ♦♣%✐♠❛❧ ❧❡✈❡❧( ♦❢ ❡ i ❛♥❞ (i✿
∂E (Ui)
∂ei
= 0 ⇔
∂P1
∂ei
(W1 −W2) +
∂P3
∂ei
(W3 −W2)−
2
c
ei = 0
∂E (Ui)
∂si
= 0 ⇔
∂P1
∂si
(W1 −W2) +
∂P3
∂si
(W3 −W2)−
2
c
si = 0.
●✐✈❡♥ %❤❡ ✐✳✐✳❞ ❛((✉♠♣%✐♦♥ ♦❢ %❤❡ )❛♥❞♦♠ ❝♦♠♣♦♥❡♥%✱ ❛% ❛ ♣✉)❡ (②♠♠❡%)✐❝ ◆❛(❤
❡U✉✐❧✐❜)✐✉♠✱ %❤❡ ♠❛)❣✐♥❛❧ ♣)♦❜❛❜✐❧✐%✐❡( ♦❢ ✇✐♥♥✐♥❣ ❛)❡ ❝♦♥(%❛♥% ❛♥❞ ❞❡♣❡♥❞ ♦♥❧②
♦♥ %❤❡ (✐③❡ ♦❢ %❤❡ ✐♥%❡)✈❛❧ ❢)♦♠ ✇❤✐❝❤ %❤❡ )❛♥❞♦♠ ❝♦♠♣♦♥❡♥%( ❛)❡ ❞)❛✇♥ ✭(❡❡
❍❛&❜&✐♥❣✴■&❧❡♥❜✉#❝❤ ✭✷✵✵✺✮ ❛♥❞ ❖&&✐#♦♥✴❙❝❤♦$$❡&✴❲❡✐❣❡❧$ ✭✷✵✵✹✮✮✿
∂P1
∂ei
=
1
2ε
.
R1 ✐( ❛❣❡♥% ✐✬( ♣)♦❜❛❜✐❧✐%② %♦ ❜❡ ♦♥❡ ♦❢ %❤❡ ❛❣❡♥%( ✇✐%❤ %❤❡ ❤✐❣❤❡(% ♦✉%♣✉%( ✭❛✮✳
R3 ✐( ❛❣❡♥% ✐✬( ♣)♦❜❛❜✐❧✐%② %♦ ❜❡ ♦♥❡ ♦❢ %❤❡ ❛❣❡♥%( ✇✐%❤ %❤❡ ❧♦✇❡(% ♦✉%♣✉%( ✭❞✮✳
■❢ R1 ✐♥❝)❡❛(❡( ❜❡❝❛✉(❡ ♦❢ ❛ ♠❛)❣✐♥❛❧ ✐♥❝)❡❛(❡ ✐♥ ❡i ❜②
1
2ε ✱ ❝✳♣✳ R3 ❞❡❝)❡❛(❡(
❜❡❝❛✉(❡ ♦❢ %❤❡ ♠❛)❣✐♥❛❧ ✐♥❝)❡❛(❡ ✐♥ ❡i ❜② −
1
2ε ✿
∂P3
∂ei
= −
1
2ε
.
✹
❚❤❡ #❛♠❡ ❛♣♣❧✐❡# )♦ )❤❡ ♠❛+❣✐♥❛❧ ✇✐♥♥✐♥❣ ♣+♦❜❛❜✐❧✐)✐❡# ✐❢ )❤❡ #❛❜♦)❛❣❡ ❛❝)✐✈✐)✐❡#
❛+❡ ✐♥❝+❡❛#❡❞✿
∂P1
∂si
= 12ε ❛♥❞
∂P3
∂si
= − 12ε ✳
❚❤❛) ❧❡❛❞# )♦
e∗ =
c
4ε
(W1 −W3)
s∗ =
c
4ε
(W1 −W3) .
❚❤❡ ❡①♣❡❝)❡❞ ♣+✐♥❝✐♣❛❧ ✉)✐❧✐)② ✐# ❣✐✈❡♥ ❜②
E (UP ) = V
(
n∑
i=1
ei − s−i
)
− aW1 − bW2
= V n (e∗ − (n− 1)s∗)− aW1 − bW2.
❚❤❡ ❡①♣❡❝)❡❞ ♣+✐♥❝✐♣❛❧ ✉)✐❧✐)② ❢♦+ ❡❛❝❤ ❛❣❡♥) ✐#
E
(
UP
n
)
= V (e∗ − (n− 1)s∗)−
(
aW1 + bW2
n
)
. ✭✷✮
❆❣❡♥) ✐✬# ❡①♣❡❝)❡❞ ✉)✐❧✐)② ✐# ❣✐✈❡♥ ❜②
E (Ui) = P1W1 + P2W2 − c(ei)− c(si).
❚❤❡ ♣+✐♥❝✐♣❛❧ ❤❛# )♦ ♠❛❦❡ #✉+❡ )❤❛) E (Ui) ≥ 0 ✭♣❛+)✐❝✐♣❛)✐♦♥ ❝♦♥#)+❛✐♥) ♦❢ )❤❡
❛❣❡♥)#✮✳ ❋+♦♠ )❤✐#✱ ✐) ❢♦❧❧♦✇# )❤❛)
P1W1 + P2W2 = c (ei) + c(si).
❙✐♥❝❡ P1 =
a
n
❛♥❞ P2 =
b
n
✱ ✐) ❢♦❧❧♦✇# )❤❛)(
aW1 + bW2
n
)
= c (ei) + c (si) . ✭✸✮
❇② ✐♥#❡+)✐♥❣ ❡D✉❛)✐♦♥ ✸ ✐♥ ❡D✉❛)✐♦♥ ✷✱ ✐) ❢♦❧❧♦✇# )❤❛)
E
(
UP
n
)
= V
(
e∗ − (n− 1)s
∗
)
− c (ei)− c (si) . ✭✹✮
❚❤❡ ♣+✐♥❝✐♣❛❧ ❝❤♦♦#❡# ❲1 )♦ ♠❛①✐♠✐③❡ ❡D✉❛)✐♦♥ ✹
∂E
(
UP
n
)
∂W1
= 0⇔ V
(
∂e∗
∂W1
− (n− 1)
∂s∗
∂W1
)
− c′ (ei)
∂e∗
∂W1
− c′ (si)
∂s∗
∂W1
= 0.
❙✐♥❝❡
∂e∗
∂W1
❂
c
4ε ❛♥❞
∂s∗
∂W1
= c4ε ✱ ✐) ❢♦❧❧♦✇# )❤❛)
V
( c
4ε
− (n− 1)
c
4ε
)
− c′ (ei)
c
4ε
− c′ (si)
c
4ε
= 0
✺
⇔ (2− n)− c′ (si) = c
′ (ei) .
❙✐♥❝❡ c′ (ei) =
1
2ε (W1 −W3) ❛♥❞ c
′ (si) =
1
2ε (W1 −W3)✱ ✐( ❢♦❧❧♦✇- (❤❛(
V (2− n)−
1
2ε
(W1 −W3) =
1
2ε
(W1 −W3)
V (2− n) =
1
ε
(W1 −W3) .
❚❤❡ ✉(✐❧✐(② ♠❛①✐♠✐③✐♥❣ ♣7✐③❡ -♣7❡❛❞ ✐-
(W1 −W3) = εV (2− n) .
❋7♦♠ ❲3 ❂ ✵✱ ✐( ❢♦❧❧♦✇- (❤❛( W1 = εV (2− n)✳
 !♦♣♦$✐&✐♦♥ ✶✿ ❙✐♥❝❡ ♥ > ✷✱ ✐( ❢♦❧❧♦✇- (❤❛( W1<0✳ ❙✐♥❝❡ ❛❝❝♦7❞✐♥❣ (♦ ♦✉7 ❛-✲
-✉♠♣(✐♦♥-✱ W1 ≥ 0✱ ✐( ❢♦❧❧♦✇- (❤❛(W
∗
1 = 0✳ ❚❤❛( ❧❡❛❞- (♦W
∗
1 = W
∗
2 = W
∗
3 = 0✱
e∗ = 0✱ s∗ = 0✱ ❛♥❞ EUP = 0✳
❆ ✜①❡❞✲♣7✐③❡ ❋❉❙ ✐♥❝❡♥(✐✈✐③❡- ❛❣❡♥(- (♦ ❡①❡7( ❡✛♦7( ❛- ✇❡❧❧ ❛- -❛❜♦(❛❣❡ ❛❝(✐✈✐✲
(✐❡-✳ ❆- ❛ 7❡-✉❧(✱ ❋❉❙ ✐- ♥♦( ✇♦7(❤✇❤✐❧❡ ❢♦7 (❤❡ ♣7✐♥❝✐♣❛❧✳
❚❤✐- ❛♥❛❧②-✐- -✉♣♣♦7(- (❤❡ ❝7✐(✐❝- ♦❢ ❋❉❙✳ ❆❧(❤♦✉❣❤ (❤❡ ❛❣❡♥(- ❛7❡ ✐♥❝❡♥(✐✈✐③❡❞
(♦ ❡①❡7( ♣♦-✐(✐✈❡ ❡✛♦7( ❧❡✈❡❧-✱ (❤❡② ❛❧-♦ ❤❛✈❡ -(7♦♥❣ ✐♥❝❡♥(✐✈❡- (♦ -❛❜♦(❛❣❡ ❡❛❝❤
♦(❤❡7✳
✷✳✸ ❱❡%&✐♦♥ ✶✿ ❋❉❙ ✇✐0❤ ✈❛%✐❛❜❧❡ ♣%✐③❡ ❞✐&0%✐❜✉0✐♦♥&
■♥ (❤✐- -❡❝(✐♦♥✱ (❤❡ ♥✉♠❜❡7 ♦❢ ✇✐♥♥❡7 7❡-♣✳ ❧♦♦-❡7 ♣7✐③❡- ✭❛✱ ❜✱ ❞✮ ❞❡♣❡♥❞- ♦♥
(❤❡ ❝✉♠✉❧❛(✐✈❡ ♦✉(♣✉( ♦❢ ❛❧❧ ❛❣❡♥(-✳
E (Ui) = P1W1 + P2W2 + P3W3 − c (ei)− c (si)
= P1 (W1 −W2) + P3 (W3 −W2) + W2 −
e2i
c
−
s2i
c
.
❚❤❡ ♣7♦❜❛❜✐❧✐(② ❢✉♥❝(✐♦♥- ❢♦7 ❡❛❝❤ ♣7✐③❡ ❧❡✈❡❧ ❛7❡ ❛--✉♠❡❞ (♦ ❜❡
P1 =
a
n
✱ ✇❤❡7❡
a =
{
0 ❢H7
∑n
i=1 qi ≤ z ⇒ P1 = 0
n− b ❢H7
∑n
i=1 qi > z ⇒ n− n
(
2−
∑
n
i=1
qi
z
)
⇒ P1 =
(∑
n
i=1
qi−z
z
)
P2 =
b
n
✱ ✇❤❡7❡
b =
{
n
∑
n
i=1
qi
z
❢H7
∑n
i=1 qi ≤ z ⇒ P2 =
∑
n
i=1
qi
z
n
(
2−
∑
n
i=1
qi
z
)
❢H7
∑n
i=1 qi > z ⇒ P2 =
(
2−
∑
n
i=1
qi
z
)
P3 =
d
n
✱ ✇❤❡7❡
d =
{
n− b ❢H7
∑n
i=1 qi ≤ z ⇒ n−
n
∑
n
i=1
qi
z
=> P3 =
(
z−
∑
n
i=1
qi
z
)
0 ❢H7
∑n
i=1 qi > z ⇒ P3 = 0.
✻
❚❤❡ ✈❛%✐❛❜❧❡ ③ ❝❛♥ ❜❡ ✐♥,❡%♣%❡,❡❞ ❛/ ,❤❡ ✏②❛%❞/,✐❝❦✑ ♦❢ ❝✉♠✉❧❛,✐✈❡ ♦✉,♣✉,✳
❋✐❣✉%❡ ✶✿ ❘❡❧❛,✐♦♥ ❜❡,✇❡❡♥ ♣%✐③❡ ❞✐/,%✐❜✉,✐♦♥ ❛♥❞ ❝✉♠✉❧❛,✐✈❡ ♦✉,♣✉,
❈✉♠✉❧❛,✐✈❡ ♦✉,♣✉, ✈❛❧✉❡/ ❛%❡ ❡♥,❡%❡❞ ♦♥ ,❤❡ ①✲❛①✐/ ❛♥❞ ,❤❡ ♣❡%❝❡♥,❛❣❡ ♦❢ ,❤❡
♣%✐③❡/ ♦♥ ,❤❡ ②✲❛①✐/✳ ■❢
∑n
i=1 qi = 0✱ ❛❧❧ ❛❣❡♥,/ ♦❜,❛✐♥ ,❤❡ ❧♦/❡%✬/ ♣%✐③❡ ❲3 ✭❞❂✶✮✳
■❢
∑n
i=1 qi ❛❝❤✐❡✈❡/ ,❤❡ ②❛%❞/,✐❝❦ ③✱ ❛❧❧ ❛❣❡♥,/ ♦❜,❛✐♥ ❲2 ✭❜❂✶✮✳ ■❢
∑n
i=1 qi = 2z✱
❛❧❧ ❛❣❡♥,/ ♦❜,❛✐♥ ,❤❡ ✇✐♥♥❡%✬/ ♣%✐③❡ ❲1 ✭❛❂✶✮✳ ■❢ ,❤❡ ❝✉♠✉❧❛,✐✈❡ ♦✉,♣✉, ✐/ ❢♦%
✐♥/,❛♥❝❡ ✵✱✺③✱ ,❤❡ ❜❡/, ✺✵✪ ♦❢ ❛❧❧ ❛❣❡♥,/ %❡❝❡✐✈❡ ❲2✱ ❛♥❞ ❛❧❧ ♦,❤❡% ❛❣❡♥,/ ❲3✳
■♥ ❝♦♥,%❛/,✱ ✐❢ ,❤❡ ❝✉♠✉❧❛,✐✈❡ ♦✉,♣✉, ✐/ ✶✱✸③✱ ,❤❡ ❜❡/, ✸✵✪ ♦❢ ❛❧❧ ❛❣❡♥,/ ♦❜,❛✐♥
❲1✱ ❛♥❞ ❛❧❧ ♦,❤❡% ❛❣❡♥,/ ❲2✳
■♥ ,❤❡ ❢♦❧❧♦✇✐♥❣✱ ❡✛♦%,✱ /❛❜♦,❛❣❡ ❧❡✈❡❧/✱ ❛♥❞ ♣%✐♥❝✐♣❛❧ ✉,✐❧✐,② ❛%❡ ❞❡,❡%♠✐♥❡❞ ❢♦%
qi > z✳ ■❞❡♥,✐❝❛❧ %❡/✉❧,/ ❛%❡ ♦❜,❛✐♥❡❞ ❢♦% qi ≤ z ✭/❡❡ ❛♣♣❡♥❞✐① ❆✳✶✮✳
E (Ui) =
(∑n
i=1 qi
z
− 1
)
(W1 −W2) + W2 −
e2i
c
−
s2i
c
=
(
n (e∗ − (n− 1)s∗)
z
− 1
)
(W1 −W2) + W2 −
e2i
c
−
s2i
c
. ✭✺✮
■♥ ♦%❞❡% ,♦ ❞❡,❡%♠✐♥❡ ,❤❡ ♦♣,✐♠❛❧ ❡✛♦%, ❛♥❞ /❛❜♦,❛❣❡ ❧❡✈❡❧/✱ ❡O✉❛,✐♦♥ ✺ ✐/ ❞❡%✐✈❡❞
✇✐,❤ %❡/♣❡❝, ,♦ ❡i ❛♥❞ /i✿
∂E (Ui)
∂ei
=
n
z
(W1 −W2)−
2e∗
c
= 0
⇒ e∗ =
nc
2z
(W1 −W2)
∂E (Ui)
∂si
=
(
−
n (n− 1)
z
)
(W1 −W2) −
2s∗
c
= 0
⇒ s∗ = −
nc (n− 1)
2z
(W1 −W2) .
❚❤❡ ♣%✐♥❝✐♣❛❧ ❛♥,✐❝✐♣❛,❡/ ,❤❡ ❛❣❡♥,/✬ ❝❤♦✐❝❡ ❛♥❞ ❞❡,❡%♠✐♥❡/ ,❤❡ ♦♣,✐♠❛❧ ♣%✐③❡
❧❡✈❡❧/ ❲1✱ ❲2✱ ❛♥❞ ❲3✿
E (UP ) = V n (e
∗
− (n− 1)s∗)− aW1 − bW2 − dW3.
✼
❚❤❡ ♣$✐♥❝✐♣❛❧ ✉+✐❧✐+② ♣❡$ ❛❣❡♥+ ✐.
E
(
UP
n
)
= V (e∗ − (n− 1) s∗)−
a
n
W1 −
b
n
W2 −
d
n
W3
= V (e∗ − (n− 1)s∗)− P1W1 − P2W2 − P3W3.
✭✻✮
❇② E (Ui) ≥ 0✱ +❤❡ ♣$✐♥❝✐♣❛❧ ♠❛❦❡. .✉$❡ +❤❛+ +❤❡ ❛❣❡♥+.✬ ♣❛$+✐❝✐♣❛+✐♦♥ ❝♦♥.+$❛✐♥+
✐. ❢✉❧✜❧❧❡❞✿
E (Ui) ≥ 0⇒ P1W1 + P2W2 + P3W3 − c(ei) − c (si) ≥ 0
⇒ P1W1 + P2W2 + P3W3 ≥ c (ei) + c (si) .
❇② ✐♥.❡$+✐♥❣ +❤❡ ♣❛$+✐❝✐♣❛+✐♦♥ ❝♦♥.+$❛✐♥+ ✐♥ ❡<✉❛+✐♦♥ ✻✱ ✇❡ ♦❜+❛✐♥
E
(
UP
n
)
= V (e∗ − (n− 1)s∗)− c(ei) − c (si) . ✭✼✮
❊<✉❛+✐♦♥ ✼ ✐. ❞❡$✐✈❡❞ ✇✐+❤ $❡.♣❡❝+ +♦ ❲1✲❲2✿
∂E(UP )
n
∂ (W1 −W2)
= V
(
∂e∗
∂ (W1 −W2)
− (n− 1)
∂s∗
∂ (W1 −W2)
)
− c′ (ei)
∂e∗
∂ (W1 −W2)
− c′ (si)
∂s∗
∂ (W1 −W2)
= 0.
❙✐♥❝❡
∂s∗
∂(W1−W2)
= − nc(n−1)2z ✱
∂e∗
∂(W1−W2)
= nc2z ✱ c
′ (ei) =
2
c
e∗ = n
z
[W1 −W2]✱
❛♥❞ c′ (si) =
2
c
s∗❂−
n(n−1)
z
(W1 −W2)✿
V nc
2z
(
1 + (n− 1)
2
)
− (W1 −W2)
n2c
(
1 + (n− 1)
2
)
2z2
= 0
⇔ (W1 −W2) =
V z
n
. ✭✽✮
 !♦♣♦$✐&✐♦♥ ✷✿ ❋$♦♠ ❡<✉❛+✐♦♥ ✽✱ ✐+ ❢♦❧❧♦✇. +❤❛+ e∗ = V c2 ❛♥❞ s
∗ = − V c(n−1)2 ✳
❋$♦♠ +❤❡ ❛..✉♠♣+✐♦♥. ❱✱ ❝ ❃ ✵ ❛♥❞ ♥ ❃ ✷✱ ✐+ ❢♦❧❧♦✇. +❤❛+ ❡✯ ❃ ✵ ❛♥❞ .✯ ❁ ✵✳
❚❤✐. $❡.✉❧+ .❤♦✇. ❛ ♣♦.✐+✐✈❡ ❡✛♦$+ ❧❡✈❡❧ ❛♥❞ ❛ ♥❡❣❛+✐✈❡ .❛❜♦+❛❣❡ ❧❡✈❡❧ ✭✏❤❡❧♣❢✉❧✲
♥❡..✑✮ ♦❢ +❤❡ ❛❣❡♥+.✳
 !♦♣♦$✐&✐♦♥ ✸✿ ❚❤❡ ♣$✐♥❝✐♣❛❧ ✉+✐❧✐+② ✐. ❛. ❢♦❧❧♦✇.
✶
✿
✶
■! "❡❡♠" "!%❛♥❣❡ !❤❛! !❤❡ ♣%✐♥❝✐♣❛❧ ✉!✐❧✐!② ✐♥❝%❡❛"❡" ❡①♣♦♥❡♥!✐❛❧❧② ✇✐!❤ ❛ ❣%♦✇!❤ ✐♥ !❤❡
♥✉♠❜❡% ♦❢ ❛❣❡♥!" ✭♥✮✳ ❍♦✇❡✈❡%✱ !❤✐" ❡✛❡❝! ❛❧"♦ ❛♣♣❡❛%" ✐♥ ♦!❤❡% !♦✉%♥❛♠❡♥! ♠♦❞❡❧" ✭"❡❡
❛♣♣❡♥❞✐① ❆✳✷✮
✽
E(
UP
n
)
= V (e∗ − (n− 1)s∗)− c (ei)− c (si)
= V
(
V c
2
+
V c(n− 1)
2
2
)
−
1
c
e2 −
1
c
s2
E (UP ) =
V 2nc
(
n2 − 2n+ 2
)
4
.
❋!♦♠ $❤❡ ❛((✉♠♣$✐♦♥( ❱✱ ❝ ❃ ✵ ❛♥❞ ♥ ❃ ✷✱ ✐$ ❢♦❧❧♦✇( $❤❛$ E (UP ) > 0✳
✷✳✹ ❱❡%&✐♦♥ ✷✿ ❋❉❙ ✇✐/❤ ✈❛%✐❛❜❧❡ ♣%✐③❡ ❧❡✈❡❧&
❚❤❡ ❞❡♣❡♥❞❡♥❝✐❡( ❜❡$✇❡❡♥ ❝✉♠✉❧❛$✐✈❡ ♦✉$♣✉$ ❛♥❞ $❤❡ (✐♥❣❧❡ ♣!✐③❡ ❧❡✈❡❧( ❛!❡
❛((✉♠❡❞ $♦ ❜❡ ❛( ❢♦❧❧♦✇(✿
W1 = α
n∑
i=1
qi,
W2 = β
n∑
i=1
qi,
W3 = 0,
✇❤❡!❡ α✱ β = ✵✳
❚❤❡ ❡①♣❡❝$❡❞ ✉$✐❧✐$② ♦❢ ❛❣❡♥$ ✐ ✐( ♦❜$❛✐♥❡❞ ❜② (✉❜($✐$✉$✐♥❣ $❤❡(❡ ❡①♣!❡((✐♦♥( ✐♥
❡@✉❛$✐♦♥ ✶✿
E (Ui) = P1
(
α
n∑
i=1
qi
)
+ P2
(
β
n∑
i=1
qi
)
−
e2i
c
−
s2i
c
= P1
(
α
n∑
i=1
ei + εi − s−i
)
+ P2
(
β
n∑
i=1
ei + εi − s−i
)
−
e2i
c
−
s2i
c
= (P1α+ P2 β)
(
n∑
i=1
ei + εi − s−i
)
−
e2i
c
−
s2i
c
.
❆((✉♠❛❜❧②✱ ❊ ✭εi✮❂✵✳ ■♥ ❛ (②♠♠❡$!✐❝ ◆❛(❤ ❡@✉✐❧✐❜!✐✉♠✱ ❛❧❧ ♥ ❛❣❡♥$( ❝❤♦♦(❡ $❤❡
(❛♠❡ ❧❡✈❡❧( ♦❢ ❡✯ ❛♥❞ (✯✳
❚❤✐( ❧❡❛❞( $♦
∑n
i=1 (ei+εi−s−i)= n (e
∗−(n− 1)s∗)
E (Ui) = n (e
∗
− (n− 1)s∗) (P1α+ P2 β)−
e2i
c
−
s2i
c
= n (e∗ − (n− 1)s∗) (P1 (α− β) + (1− P3)β)−
e2i
c
−
s2i
c
.
✾
❆❣❡♥$ ✐ ♠❛①✐♠✐③❡* ❤✐* ❡①♣❡❝$❡❞ ✉$✐❧✐$② ❜② ❝❤♦♦*✐♥❣ ❡✯ ❛♥❞ *✯✿
∂E (Ui)
∂ei
= n [P1 (α− β) + (1− P3)β]
+ n(e∗ − (n− 1)s∗)
[
1
2ε
(α− β) +
1
2ε
β
]
−
2
c
e∗ = 0
⇒ e∗ =
c [2 (aα+ βb)− n(n− 1)s∗α]
4ε− ncα
∂E (Ui)
∂si
= −(n− 1) [P1 (α− β) + (1− P3)β]
+ n(e∗ − (n− 1)s∗)
[
1
2ε
(α− β) +
1
2ε
β
]
−
2
c
s∗ = 0
⇒ s∗=
c
[
2ε( 1−n
n
) [aα− aβ + aβ + bβ] + ne∗α
]
4ε+ cn (n− 1)α
.
❇② *✉❜*$✐$✉$✐♥❣ *✯ ✐♥$♦ ❡✯ ✇❡ ♦❜$❛✐♥
e∗=
c
[
2ε (aα+ βb)− n(n− 1)
[
c[2ε( 1−nn )[aα+bβ]+ne
∗α]
4ε+cn(n−1)α
]
α
]
4ε− ncα
⇒ e∗=
c (aα+βb)
[
4ε+2cα (n−1)
(
n− 12
)]
8ε+2ncα(n−2)
. ✭✾✮
❇② *✉❜*$✐$✉$✐♥❣ ❡✯ ✐♥$♦ *✯ ✇❡ ♦❜$❛✐♥
s∗ =
c
[
2ε( 1−n
n
) [aα+ bβ] + nα
[
c[2ε(aα+βb)−n(n−1)s∗α]
4ε−ncα
]]
4ε+ cn (n− 1)α
⇒ s∗=
c [aα+bβ]
[
4ε (1−n)+2
(
n− 12
)
ncα
]
2n [4ε+ncα(n−2)]
. ✭✶✵✮
❚❤❡ ♣>✐♥❝✐♣❛❧ ❛♥$✐❝✐♣❛$❡* ❡✯ ❛♥❞ *✯✱ ❛♥❞ ♠❛①✐♠✐③❡* ❤✐* ✉$✐❧✐$② ❜② ❝❤♦♦*✐♥❣ $❤❡
✉$✐❧✐$② ♠❛①✐♠✐③✐♥❣ α ❛♥❞ β✿
E
(
UP
n
)
= [V − aα− bβ] (e∗ − (n− 1)s∗)
= V (e∗ − (n− 1)s∗)− [(aα+ bβ) (e∗ − (n− 1)s∗)] .
✭✶✶✮
❚❤❡ ✉$✐❧✐$② ♦❢ ❛❣❡♥$ ✐ ✐* ❛* ❢♦❧❧♦✇*✿
E (Ui) = n (e
∗
− (n− 1) s∗) [P1 (α− β) + (1− P3)β]− c (e)− c (s)
= (e∗ − (n− 1)s∗) [aα+ bβ]− c(e)− c(s).
✶✵
❇② E (Ui) ≥ 0✱ #❤❡ ♣'✐♥❝✐♣❛❧ ♠❛❦❡/ /✉'❡ #❤❛# #❤❡ ❛❣❡♥#/✬ ♣❛'#✐❝✐♣❛#✐♦♥ ❝♦♥/#'❛✐♥#
✐/ ❢✉❧✜❧❧❡❞✿
E (Ui) = 0⇔ (e
∗
− (n− 1)s∗) [aα+ bβ]− c (e)− c (s) = 0
(e∗ − (n− 1) s∗) [aα+ bβ] = c (e) + c (s) . ✭✶✷✮
❇② /✉❜/#✐#✉#✐♥❣ ❡=✉❛#✐♦♥ ✶✷ ✐♥#♦ ❡=✉❛#✐♦♥ ✶✶✱ ✐# ❢♦❧❧♦✇/ #❤❛#
E
(
UP
n
)
= V (e∗ − (n− 1)s∗)− c (e)− c (s) .
❆❢#❡' ✐♥/❡'#✐♥❣ ❡✯ ❛♥❞ /✯✱ ✇❡ ♦❜#❛✐♥
E
(
UP
n
)
= V
(
c (aα+ βb)
[
4ε+ 2cα (n− 1)
(
n− 12
)]
8ε+ 2ncα(n− 2)
− (n− 1)
c [aα+ bβ]
[
4ε (1− n) + 2
(
n− 12
)
ncα
]
2n [4ε+ ncα(n− 2)]
)
− c (e)− c (s) .
❙✐♥❝❡ (ei) =
e2
i
ce
❛♥❞ c (si) =
s2
i
cs
✱ ✐# ❢♦❧❧♦✇/ #❤❛#
E
(
UP
n
)
= V
(
c (aα+ βb)
[
4ε+ 2cα (n− 1)
(
n− 12
)]
8ε+ 2ncα(n− 2)
− (n− 1)
c [aα+ bβ]
[
4ε (1− n) + 2
(
n− 12
)
ncα
]
2n [4ε+ ncα(n− 2)]
)
−
1
c
(
c (aα+ βb)
[
4ε+ 2cα (n− 1)
(
n− 12
)]
8ε+ 2ncα(n− 2)
)2
−
1
c
(
c [aα+ bβ]
[
4ε (1− n) + 2
(
n− 12
)
ncα
]
2n [4ε+ ncα(n− 2)]
)2
−
(
c(aα+ βb)
2
n2
[
4ε+ 2cα (n− 1)
(
n− 12
)]2
4n2 (4ε+ ncα(n− 2))
2
)
−
(
c[aα+ bβ]
2[
4ε (1− n) + 2
(
n− 12
)
ncα
]2
4n2 (4ε+ ncα(n− 2))
2
)
=
2V εc
(
n2 − n+ 1
)
(aα+ βb)
n (4ε+ ncα(n− 2))
−
c(aα+ βb)
2
4n2(4ε+ ncα(n− 2))
2
(
16ε2
(
2n2 − 2n+ 1
)
+ 8nεcα
(
2n3 − 5n2 + 4n− 1
)
+ n2c2α2
(
4n4 − 12n3 + 17n2 − 10n+ 2
))
.
✶✶
❚❤✐# ❡①♣'❡##✐♦♥ ✐# ❞❡'✐✈❡❞ ✇✐-❤ '❡#♣❡❝- -♦ α ❛♥❞ β✿
∂E
(
UP
n
)
∂α
= 0
⇔
2V εc
(
n2 − n+ 1
)
an (4ε+ ncα(n− 2))− 2V εc
(
n2 − n+ 1
)
(aα+ βb)n (nc(n− 2))
n2(4ε+ ncα(n− 2))
2
−
4n2(4ε+ ncα (n− 2))
2
16n4(4ε+ ncα (n− 2))
4 c
[ (
2a2α+ 2aβb
) (
16ε2
(
2n2 − 2n+ 1
)
+ 8nεcα
(
2n3 − 5n2 + 4n− 1
)
+ n2c2α2
(
4n4 − 12n3 + 17n2 − 10n+ 2
) )
+ (aα+ βb)
2 (
8nεc
(
2n3 − 5n2 + 4n− 1
)
+ 2n2c2α
(
4n4 − 12n3 + 17n2 − 10n+ 2
)) ]
+
4n2
(
8εnc (n− 2) + 2n2c2α(n− 2)
2
)
c(aα+ βb)
2
16n4(4ε+ ncα (n− 2))
4
(
16ε2
(
2n2 − 2n+ 1
)
+ 8nεcα
(
2n3 − 5n2 + 4n− 1
)
+ n2c2α2
(
4n4 − 12n3 + 17n2 − 10n+ 2
))
= 0.
❇② #♦❧✈✐♥❣ ❢♦' α✱ ✇❡ ♦❜-❛✐♥ α = −
4ε(n2−2n+1)
nc(2n3−5n2+6n−2)
∂E
(
UP
n
)
∂β
= 0
⇔
2V εc
(
n2 − n+ 1
)
b
n (4ε+ ncα(n− 2))
−
c
(
2aαb+ 2βb2
)
4n2(4ε+ ncα (n− 2))
2
(
16ε2
(
2n2 − 2n+ 1
)
+ 8nεcα
(
2n3 − 5n2 + 4n− 1
)
+ n2c2α2
(
4n4 − 12n3 + 17n2 − 10n+ 2
))
= 0.
❇② #♦❧✈✐♥❣ ❢♦' β✱ ✐- ❢♦❧❧♦✇# -❤❛- β =
V n3c(n2−2n+2)+4aε(n2−2n+1)
ncb(n2−2n+2)(2n−1) ✳
❇② #✉❜#-✐-✉-✐♥❣ α ❛♥❞ β ✐♥ ❡:✉❛-✐♦♥ ✾ ❛♥❞ ✶✵ ✇❡ ♦❜-❛✐♥
e∗ =
c
(
a
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
+
(
V n3c(n2−2n+2)+4aε(n2−2n+1)
ncb(n2−2n+2)(2n−1)
)
b
)
8ε+ 2nc
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
(n− 2)
∗
[
4ε+ 2c
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
(n− 1)
(
n− 12
)]
8ε+ 2nc
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
(n− 2)
=
V c
2
.
✶✷
s∗ =
c
[
a
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
+ b
(
V n3c(n2−2n+2)+4aε(n2−2n+1)
ncb(n2−2n+2)(2n−1)
)]
2n
[
4ε+ nc
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
(n− 2)
]
∗
[
4ε (1− n) + 2
(
n− 12
)
nc
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)]
2n
[
4ε+ nc
(
−
4ε(2n3−5n2+4n−1)
nc(4n4−12n3+17n2−10n+2)
)
(n− 2)
]
= −
V c (n−1)
2
.
 !♦♣♦$✐&✐♦♥ ✹✿ ❋!♦♠ $❤❡ ❛((✉♠♣$✐♦♥( ❱✱ ❝ ❃ ✵ ❛♥❞ ♥ ❃ ✷✱ ✐$ ❢♦❧❧♦✇( $❤❛$ ❡✯ ❃
✵ ❛♥❞ (✯ ❁ ✵✳ ❚❤✐( !❡(✉❧$ (❤♦✇( ❛ ♣♦(✐$✐✈❡ ❡✛♦!$ ❧❡✈❡❧ ❛♥❞ ❛ ♥❡❣❛$✐✈❡ (❛❜♦$❛❣❡
❧❡✈❡❧ ✭✏❤❡❧♣❢✉❧♥❡((✑✮ ♦❢ $❤❡ ❛❣❡♥$(✳
 !♦♣♦$✐&✐♦♥ ✺✿ ❚❤❡ ♣!✐♥❝✐♣❛❧ ✉$✐❧✐$② ✐( ❛( ❢♦❧❧♦✇(✿
E
(
UP
n
)
= V (e∗ − (n− 1)s∗)− c (ei)− c (si)
= V
(
V c
2
+
V c(n− 1)
2
2
)
−
1
c
e2 −
1
c
s2
E (UP ) =
V 2nc
(
n2 − 2n+ 2
)
4
.
❋!♦♠ $❤❡ ❛((✉♠♣$✐♦♥( ❱✱ ❝ ❃ ✵ ❛♥❞ ♥ ❃ ✷✱ ✐$ ❢♦❧❧♦✇( $❤❛$ E (UP ) > 0✳
❇♦$❤ ✈❡!(✐♦♥( ✶ ❛♥❞ ✷ ✐♥❞✉❝❡ ✐❞❡♥$✐❝❛❧ ❡✛♦!$ ❧❡✈❡❧( ❛♥❞ ❤❡❧♣❢✉❧♥❡((✳ ❚❤❡ $❤❡♦✲
!❡$✐❝❛❧ !❡❛(♦♥ ❜❡✐♥❣ ✐❞❡♥$✐❝❛❧ ♣!✐♥❝✐♣❛❧ ✉$✐❧✐$② ✐♥ $❤❡ ❝♦♥(✐❞❡!❛$✐♦♥ ♦❢ $❤❡ ♣❛!$✐❝✲
✐♣❛$✐♦♥ ❝♦♥($!❛✐♥$(✿
E
(
UP
n
)
= V (e− (n− 1)s)−
1
c
e2 −
1
c
s2. ✭✶✸✮
❚❤❡ ♣!✐♥❝✐♣❛❧ ✉$✐❧✐$② ♠❛①✐♠✐③✐♥❣ ❡ ❛♥❞ ( ❛!❡ ❛( ❢♦❧❧♦✇(✿
∂
(
EUP
n
)
∂e
= V −
2e
c
= 0
⇒ e∗ =
V c
2
∂
(
EUP
n
)
∂s
= −V (n− 1)−
2s
c
= 0
⇒ s∗ = −
V c (n− 1)
2
.
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z
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e2i
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s2i
c
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z
)
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e2i
c
−
s2i
c
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∂E (Ui)
∂ei
= 0⇔ −
n
z
(W3 −W2)−
2e∗
c
= 0
e∗ = −
nc
2z
[W3 −W2]
∂E (Ui)
∂si
= 0⇔
(
n (n− 1)
z
)
(W3 −W2) −
2s∗
c
= 0
s∗ =
nc (n− 1)
2z
(W3 −W2) .
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E (UP ) = [V n (e
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− (n− 1)s∗)− aW1 − bW2 − dW3] .
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a
n
W1 −
b
n
W2 −
d
n
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]
= [V (e∗ − (n− 1)s∗)− P1W1 − P2W2 − P3W3] .
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− (n− 1)
∂s∗
∂ (W3 −W2)
)
− c′ (ei)
∂e∗
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∂s∗
∂ (W3 −W2)
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′ (ei) =
2
c
e∗ = −n
z
[W3 −W2]✱
❛♥❞ c′ (si) =
2
c
s∗❂
n(n−1)
z
(W3 −W2)✱ ✐* ❢♦❧❧♦✇+ *❤❛*
∂E
(
UP
n
)
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−
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−
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∂E
(
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n
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∂ (W3 −W2)
= 0⇒ V
(
−
nc
2z
− (n− 1)
nc (n− 1)
2z
)
−
n
z
[W3 −W2]
(
−
nc
2z
)
−
n (n− 1)
z
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nc (n− 1)
2z
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⇒ −
V nc
2z
(
1 + (n− 1)
2
)
=
n2c(n− 1)
2
2z2
(W3 −W2) +
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2z2
(W3 −W2)
⇒ −
V nc
2z
(
1 + (n− 1)
2
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n2c
(
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2
)
2z2
⇒ (W3 −W2) = −
V z
n
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E (UP ) = V
[
E
(∑
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)
+ nk
]
− aW1 − bW2
= V [n (e∗ − (n− 1) s∗) + nk]− aW1 − bW2
⇔ E
(
UP
n
)
= V [e∗ − (n− 1) s∗ + k]−
a
n
W1 −
b
n
W2.
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a
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E
(
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n
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= V [e∗ − (n− 1) s∗ + k]− P1W1 − P2W2. ✭✶✼✮
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E (Ui) ≥ 0⇒ P1W1 + P2W2 − c (ei)− c (si) ≥ 0
⇒ P1W1 + P2W2 ≥ c (ei) + c (si)
E (Ui) ≥ 0⇒ P1W1 + P2W2 − c (ei)− c (si) ≥ 0
⇒ P1W1 + P2W2 ≥ c (ei) + c (si) .
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(W1 −W2) ce
4ε
✶✽
s∗ =
(W1 −W2) cs
4ε
.
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2
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